CLOSED AND cr-FINITE MEASURES 
ON THE ORTHOGONAL PROJECTIONS 
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We characterize the connection between closed and er-finite measures on 
orthogonal projections of von Neumann algebras. 

Let A be a von Neumann algebra acting in a separable complex Hilbert space 
H and let A pr be the set of all orthogonal projections (=idempotents) from A. 
A subset M C A pr is said to be ideal of projections if: 

a) p < q where p £ A pr , q £ M => p £ M; b) p, q G M and \\pq\\ < 1 => 
pVgeM;c) sup{p : p £ M} = I. 

Put M p := {q : q £ M,q < p}, Vp £ A pr . Note that A pr is the ideal of 
projections, £ M p , Vp, and the conditions 1), 2) are fulfilled on M p . 

A function p, ; M. — > [0, +oo] is said to be a measure if p(e) = ^/z(ej) for 
any representation e = ^e^. Let pi : M.\ — > [0, +oo] and /ia : A42 — > [0, +oo] 
be measures. The measure ^2 is said to be the continuation of pi if A^i C A^2 
and = piip), Vp G A4i. A projection p G -4 pr is said to be: projection of 

finite p-measure if supjq G Af p } = p and sup{p(g) : q £ A4 P } < +00; hereditary 
projection of finite \x-measure if q is the projection of finite p- measure for any 
q £ A pr , q<p. 

The measure p is said to be: finite if p(p) < 00, Vp; infinite if there exists 
p G M. such that /z(p) = +00; fully finite if sup{/i(p) : p G Af} < +00; closed 
if /i is finite and p G Al if p is the hereditary projection of finite p-measure; 
a- finite if Af = A pr and there exists a sequence {p n } C A pr such that p„ /" I 
and n(p n ) < +00, Vn. 

The following Proposition will be needed in Theorem 3. 

Proposition 1. Let A be a finite von Neumann algebra acting in the sepa- 
rable Hilbert space H and let Af C A pr be the ideal of projections. Then there 
exists a sequence {e„} C A4 such that e„ /* I. 

Proof. Let r be a faithful normal finite trace on A + . The proof consists of 
several steps. 

i). Fix e > 0. Let us prove that there exists p t £ M such that r(p e ) > 
r(J) — e. By b) and by separability of H , there exists a sequence {q n }f C M. 
with sup{g„} = I. 

1) . Put fx := qi . 

2) . Let 52/192 = Jq 1+ Xde^ be the spectral decomposition of qifxqi. Here 

(2) 

is the left continuous decomposition of identity. Fix k £ N. By the left 
continuous of e^\ there exists (3 £ (0, 1) such that r(e^ — el 2 ^) < (|) fc+1 - Put 
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q' 2 := q 2 A ef\ By 1), q' 2 G M. By the construction of 0, \\q' 2 fi\\ < (< 1). 
Hence /iVq> 2 < giVg 2 and by b), f 2 := frVq'z G X and r(gi V<? 2 -/ 2 ) < {\) k+1 ■ 
3). Let (73/293 = Jq 1+ Arfe^ be the spectral decomposition of qs,f 2 q 3 . Let us 
choose G (0, 1) such that T(e{ 3) - e^ 3) ) < {\) k+2 , again. Put q£ := q 3 A e^ 3) . 
By a), g 3 G M. By the construction of 0, we have H93/2II < (< !)• Again by 
b), / 3 := / 2 V q' 3 G M. Thus 

/3 < /2 V g 3 < /1 V q 2 V q 3 = qiV q 2 V q 3 

and 

r(/ 2 V 53 - /2 V <z 3 ) < (i) fe + 2 , r(gi V 52 V ?3 - f 2 V ff3 ) < (^) fe+1 - 

Therefore r( <Zl V (72 V g 3 - fa) < + (|) fe+2 - 

Let us continue the process of construction of {/„} by the induction with 
respect to n. 

n). Let the projection G M. it was chosen. Let q n f n -iq n = Jq + Acfe^ 
be the spectral decomposition of q n f n ~\1n- Let us choose G (0, 1) such that 
r(e[ n) - ef) < (l)^"" 1 . Put q' n := g„ A ef . By a), G M. By the 
construction of 0, we have ||q^/ n _i|| < (< 1). By b), /„ := V?J, £ A4. 
Thus 

/„ = V?l< V? _1 gj V<j„ = V?g 4 

and 

r(V n iqi /„) < (i) fe+1 + • • • + (l)^"" 1 < 

For the given e > let us choose m G N such that t(7 — V^qi) < | and 
k e N such that § > (^) k (> r(V™fifj - / m )). Then the projection p £ := / m is 
that in question. 

ii)Nowlete„ := A m > n p 2 - m . Then = V m > n p^_ m andr(e^) < E m >„ 2 ~ m = 
2-n+i_ rp ne se q uence |g n j. j s valid. □ 

Theorem 2. Lef A be a semifinite von Neumann algebra containing no 
direct summand of type I 2 acting in the separable Hilbert space and let fi : A pr — > 
[0, +00] be the a -finite infinite measure and := {p G A pr : /Li(p) < +00}. 
Then is the ideal of projections. If A is a finite von Neumann algebra then 
the restriction fi\ := fi/A4^ is the closed measure. 

Proof. 1). Let us prove that is the ideal of projections. It is clear that 
a) on M.fj, is fulfilled. Let p, q € A4 M and ||pq|| < 1. It is sufficient to consider 
the case p, q when p, q are projections in general position in H , i.e. 

p A q = (p V q - p) A q = (p V q - q) A p = 0. (1) 

By {l),p~q~H=pH. 
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1) . Let us suppose first that projections p, q are finite with respect to A. 
There exists a representation q = q\ + <j2 + 93 (if A is the continuous algebra 
then qs = 0) qi, qi, qs G M such that the orthogonal projections pi onto 
subspaces pqiH, i = 1, 2, 3 are mutually orthogonal and there exist the partial 
isometries Vi G .4, i = 1, 2, 3 such that c/ii? are the initial subspaces and the 
final subspaces in (g — qi)H . The von Neumann algebra A % generated by pi, 
qi and Vi is direct integral of factors of type I3. By the construction, pi, qi, 
ViqiV* G M. By Lemma (1 \ ^{pi V % - pj) < +00 (and hence /Li(p, V < +00) 
if A % is the type I3 factor. If A 1 is the direct integral of factors, the proof 
of fj,(pi V qi) < +00 repeat of the proof of Lemma Thus the inequality 
fi(p V q) = n(J2iPi v Qi) < +°° i s proved. By Lemma 5 

/i(pVg) < (l-HpglD-^Mrt+M?))- (2) 

ii). Let us consider now the general case of p, q G M. Let p„ e M be a 
sequence of finite projections, p n / p and let q n be the orthogonal projection 
onto qp n H. The projection q n is finite and p n V g„ / pV c/. The projections p„ 
and c/„ are in the general position on the space p„ V q n H. By (2), 

n(pVq) = lim/i(p„ V g„) < lim(l - ||p„ V gn||) _1 (MPn) + M<?™)) < 

(1-|| OT ||)- 1 )(Mp)+M9))<+oo. 

Hence p V q G -M^ and thus .A4 M is the ideal of projections. 

2) . Let {e„} be the sequence from Proposition 1. ThenpAe„ / P,Vp G .4 pr . 
If sup{/xi(p A e„) : n} < +00 then p G Al^. Thus the set M.^ contain any 
hereditary projection of finite /x-measure. By the definition, \i\ is the closed 
measure. □ 

Theorem 3. Let A be a finite von Neumann algebra containing no direct 
summand of type I2 acting in the separable Hilbert space. Then any closed 
measure fi : M. — ► [0, +00] can be extended to a a-finite measure. 

Proof. Let \x : M. — > R be a closed measure. By Theorem ( 2 \ any full finite 
measure can be extended by the strong operator topology to a unique fully finite 
measure on A pr . Now we may assume that the measure /x is not fully finite. 
Put /xi(p) := +00 for any p G A pr \A4 and /xi(p) := nip), for any p G M.. Let us 
prove that the function /ii : „4 pr — > [0, +00] is a cr-finite measure. Let p — J^Pi 
be a decomposition of p G ^4 pr . By a) and by the definition of the measure, we 
have ixi(p) = J2i A*i(Pi) f° r an y P € -M- Now let p G .4 pr \.M. Let us assume for 
the moment X^ife) < +°°- By the finiteness of A, the assumption gives us 
that p is the projections of finite fi measure. By Proposition 1, p is a hereditary 
projection of finite /i-measure. By the condition of the Theorem, p G M. We 
have the contradiction with p G A pr \M. Therefore J2i^(Pi) = +°° = MiO 5 )- 
Let {e„} be the sequence from Proposition 1. Hence \i\ is a cr-finite measure. 
□ 
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